A REPRESENTATION THEORY FOR A GENERAL CLASS
OF CONVOLUTION TRANSFORMS(})

BY
I. I. HIRSCHMAN, JR., AND D. V. WIDDER

The familiar theorem of S. Bernstein [17, p. 161](2) for the representation
of a completely monotonic function as a Laplace transform may be considered
as providing the theme for the present paper. According to that result a
function f(x) has the representation

1) s = [ “eetdp), y<x< o,

where B(f) is nondecreasing, if and only if f(x) is completely monotonic,
(2) (=1)*®(x) 2 0, E=0,1,2---,

on the interval v <x < . It is natural to inquire whether conditions like (2),
but with the kth derivative replaced by a more general differential operator,
can be associated with a representation like (1), but with the Laplace trans-
form replaced by a more general integral transform. The operator and trans-
form considered in this connection are those studied by the authors in a previ-
ous paper(®). The notations and results of that paper are here assumed.
However, let us state at once, without reference to any previous results, the
analogon of Bernstein’s theorem referred to above.

Let a1, a - - -be any positive constants such that Z:’,ll i< o,
Y 51 1/ar= . Define the function G(£) by the equation

1 o e*lds
G(1) = P f " .
TlJ —in H <1 _ _s—> ea/ak

1 ay

That is, the bilateral Laplace transform of G(¢) is the reciprocal of the entire
function

d s
E(s) = H(l — —)e“/‘”‘.

- 1 ax
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(3) Numbers in brackets refer to the bibliography at the end of the paper.

(®) The inversion of a general class of convolution tramsforms, Trans. Amer. Math. Soc.
vol. 66 (1949) pp. 135-201. The numbering of sections in the present paper is consecutive with
the previous one.
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We prove that f(x) has the integral representation

3) 1) = [ 6t = nas), y<a<
where () is nondecreasing, if and only if
f(x) = o(e?), x— + o,
f®) 20,

(4)

(-2)6-2) (- Dpoze rerzace.

on the interval ¥y <x < . Here « is the smallest of the constants a. This
result reduces, after an exponential change of variable, to Bernstein's
theorem when ax=k.

We also consider the case in which no restrictions as to sign are placed on
the constants ax, thus generalizing representations by means of the Stieltjes

transform [17, p- 365],
© dp(t)
x) = _
£(x) f —
associated with the conditions
(=) xrf(x) ] eFD 2 0, E=1,2---.

Moreover, necessary and sufficient conditions are obtained for representa-
tions (3) in which «(¢) is allowed to be in various other classes (of bounded
variation, the integral of a function in L?, and so on). These conditions are in
terms of the linear differential operator (4).

28. The behaviour at infinity of convolution transforms. It is a familiar
result that if the Stieltjes transform

) =f°° da(t)

0+ x4t

converges, then
o(x77) (x—0+4),
= o(1) (x— + «).

f(#)

Similarly if the Laplace transform

Ax) = fo " =tdalt)

-+

converges for some values of x, and therefore for all sufficiently large x, then
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f(@) = o(1) (x> + ).

These results are special cases of a general theorem which we shall establish in
this section.

THEOREM 28a. If the transform
ﬂ@=j'cu—ow@

converges for some value of x, and if cn and as are defined as in §9, then
A. G(t)Eclass 1 implies

f(x) = o(e2) (x— + )
= o(em) (3 = ),

B. G(¢t) Eclass 11 or class 111 implies
f(x) = o(e*) (x> + =).

We shall prove only the first part of conclusion A. The rest follows in a
similar manner. Let us recall the asymptotic expansions of Theorem 9b for
G(¢) and G'(¢) as >+ . We have:

(dt)G(t) = (;t‘)r[?(t)c“"] + O(etar—o) (t— + )
1
() = (%)' [g(He=2t] + O(elertoty (1= — ),

for r=0, 1, where p(¢) and ¢(¢) are polynomials of degree u; and u; respectively

and e is some positive constant. As in Definition 9a, u14-1 is the multiplicity
of oy as a zero of E(s), and so on. Choose %y, — © <xo< «, and set

A@=f%m—mm@.

We have

°°G(x
@ == [ G(o_t) dA()

- [— AQWG(x — §)/G(z0 — t)]” +f "4 [6(x — 0)/G(x0 — 1)

Using equations (1) we obtain

[— AQWG( — 1)/G(z0 — t)]°° — A(= et = O(en®) (x> + ).

-0
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Let
f wA(t) [Gx — ) /G(xo — &) )'dt = T, + I,

corresponding to the ranges of integration (— «, T) and (T, «). We have

T
sp |40 [
—w<tsT —o0

e ol [

If x2=xo then [G(x—1t)/G(xo—1)]’ is non-negative for — o <¢< «, see [13].
Hence

| 14

I\

d
= 6= = /G0 = )] | a,

I,

I\

d
dt

[G(x — £)/G(xo — 1)] | dt.

Ll = sup |A<z>l{G(x_’)—e°"}
T —w<isT G(xo—t) eu=

=0 (xﬂledﬂ) (x — -+ °°).
Finally

e2® G(x — t)}

T< i< ex®  G(xg — 1)

|| = sup IA(z)I{

= sup | A() l g a220ga23
TS ti<»

Now suprgice IA(t)I can be made arbitrarily small by choosing T large.
Our theorem follows.

29. A general representation theorem.

DEFINITION 29a. Let », be the smallest value of # for which the multiplicity
of oy as a zero of E,(s) does not exceed one, and the multiplicity of o does
not exceed one. Let v, be the smallest value of # for which neither o nor a; are
zeros of E(s).

Let G(f) be a kernel corresponding to the constants b, {a:};, and let
{P,,(D) }{° be an inversion operator for G(¢) corresponding to {bk}f . We may
associate with G(¢) a “normalized” kernel G#(t) corresponding to 0, {ak} T and
a “normalized” inversion operator {P;’f(D) }f’ for which b;=0, k=1, 2, - - ..
The reader will easily convince himself that in the succeeding theorems it is
sufficient to consider in the proofs only “normalized” kernels and inversion
operators. The theorems will be stated in general but will be proved only for
this special case, which however implies, by the simplest transformations, the
validity of the theorems in question for the general case. The advantage of
this procedure lies in the considerable simplification of the notation.
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THEOREM 29b. Let f(x) EC® (— 0 <x< ). If

1a. G*(t) € dass 1,
2a. M (x) = o(ex®) (x—>+ ©;2=0,1,2,---)
= o(ex?) (x> — 0;8=0,1,2,---)
or if
1b. GH(t) € class 11,
2b. ™ (x) = o(e*2?) (x> 4+ 0;2=0,1,2,--+)
= o(¢%) (x> —0;n=0/12,.-.)
Jor some 6 <0, or if
1c. Gt () € class 111,
2c. ™ (x) = o(ex®) (x> + ©0;2=0,1,2,--+)

then for m=vi, n=Zv;, and (— o <x < )
(1) f 6w — P D)t = f "G — yPhD) 0

We shall prove this theorem under assumptions la and 2a. The other
cases are, if anything, simpler.

We assert that if one of the integrals of equation (1) exists then ithe
other integral exists and they are equal. The reader may easily verify the
identities

(1 = D/a) ePio(t) = — (1/a) ePlec Dt (2,
@ [¢<x - t)ebfwt)]

L

= l::p(t)e""’%(x - t)] )

—0o0

o

f $(x — D)ePloy(i)dt = f Y()e-Dlog(x — t)dt.
If we set
® # #
1= [ 6w - nE@ys0n
we find on integrating by parts and using equations (2) that

I= [{— 1 “D/“e“‘dm(x - l)} {e“"“P:—l(D)f(t)}]

Qn

0

—o0

[+ Z)errenchis - o} PO
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Using assumption 2a and the asymptotic estimates of Theorem 9b for Gn(f)
we see that the integrated term vanishes and

I= f_: {(1 + %)-) PlenGh (5 — t)} Py

n.

Repeating this process n—m times we find that

I= f_:{ H(l + 2) D10k Gin (4 — t)} Phoyywa

m+1 ag
< # ¥
- f Gl — P D).
Our proof will now be complete if we can show that for n=»; one of the
integrals of equation (1) is convergent. By Theorem 9b for #» =», we have
Ga(®) = O(eter=9) t—+ =),
= 0(etert01) (1> = =),
for some positive constant e. Using assumption 2a we see that for #» =», the
integral

f "G — n POy,

is absolutely convergent.
THEOREM 29c. Under the hypotheses of Theorem 29b we have
im [ Ghx - 0P D)ysa = Py,

n—oo J g

For n=v; we have by Theorem 29b that

f 6w — P D) f G — P

II (1 - —D—> ¢Dlas f _wG:,(x — yPLD)fWar.

vo+1 a

By Theorem 19b we see that

im II (1 - 2) eDlak f & (s — nPAD)fa = PLD)sa),

n—o  yut1 157

from which our theorem follows.
30. An auxiliary lemma. The following elementary result is to be used in
conjunction with the theorems of the preceding section.
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LEmMma 30. If
la. G*() € dlass I,
2a. f(x) ECP(— » < x < »),

3a. f(k)(x) = o(ealz) (x_)+ @ k= 01 1»' tr,n = 1)
= o(e%) (x> — 0;k=0,1,:--:,n—1),
then
A f&) = giegar -+ » gas PAD)S(2) (— ® <2< ).
If

1b.  G¥(t) &€ class 11 or 111,

2b.  f(x) €C"(v. < x < »),

3b.  f(x) = o(e=?) (x—+ 0;k=0,1,---,n—1)
then

B, f(9) = giogee -+ % gar Pa(D)(2) (1o < % < ).

Suppose that assumptions 1a, 2a, and 3a are satisfied. Integrating the
linear differential equation

6 [(1 - 2) em-] PyD)f(x) = PL(D)f(x),

n

we see that

z—1/an

@) PD)fx) = — aeme f ot PhD)f(1)dt + Eeono1,

0

where E 4s a constant which we must determine from assumption 3a. There
are two possibilities, @, = a3, and @, =<a;. We shall consider only the first of
these, which is typical. By assumption we have

PL(D)f(x) = o(exr?) (x— + ).

Allowing x to become positively infinite in (2) we see that if ¢, = a; equation
(2) can hold only if the integral

f " et (D) S0t

converges to the value E/a,. Equation (2) may therefore be rewritten as

PD)f(x) = gur PLD)f(9).
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Repeating this argument » times we obtain conclusion A. The proof of con-
clusion B is entirely similar.

31. Some elementary Tauberian theorems. The results contained in this
section may be deduced from well known theorems by an exponential change
of variable, see [3]. Proofs are included both for the sake of completeness and
also because the demonstrations are, in this form, much simpler than those
usually given.

THEOREM 31a. If

1. fx) €C*(0 = % < ),
2. f(x) = o(e*?), a>0 (x— + =),
3. (%) 2 O(e*?) (= + =),
then
f'(®) = o(e?) (x> + «).

Let 6 be any real constant not equal to zero. The identity,
W 1@ =+ 0 - @]+ [ @o— oo,
) z40

may be verified by integrating by parts. By assumption 3 there exists a non-
negative constant 4 such that f'/(x) > —Ade** (0<x < «). We may establish
by elementary estimations from equation (1) that

f'(x) £ o(e*®) + 6A4ex(=t0 (x—+ ;8> 0)
= o(e*?) + 0Aex=+0 (x> + «=;0 <0).
Since 6 may be chosen arbitrarily small these equations imply
f'(x) = o(e*?) (x— + =),
as desired.

TuEOREM 31b. Let Q(D) be a linear differential operator of degree n with
constant coefficients.

QD) = ¢.D* + ¢u1D* 1+ - - - + qo, (g % 0).
If
L flky el (0= x < =),
2. f(x) = o(e*), a>0 (x> + =),

3. sz(D)f(t)dt = O(e*®) (x> 4+ =),
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f(k)(x)=o(eax) (x'—)+°°;k=1y2y"')n_2.)-

It is sufficient to prove our theorem for k=1, because we may then deduce
it for k=2, 3, - - -, w—2. Suppose that it has been established for k=1; we
have f(x), f/(x)EC*! (0=x< o), f'(x)=0(e*®) as (x—+ =), and if Q*(D)
=¢., D" '4+q,1D" 2+ - . - 4¢ then, by assumption 3,

[Jeorou+ [Tweizoe) Gt

from which it follows that
[ eoronzoe (2 + ).
Applying our theorem to f’(x) with k=1 we deduce that f'’(x) =o0(e**) as
(x—+ ). We may show successively that f®(x) =0(e**) as (x—+ «) for

k=3, ---,n-2.
Let us now prove our theorem for k=1. We set

P = —— [ - omomsa
Integrating by parts we may show that
PG = gof() + X m fo (x — 1)t + (),

where Q(x) is a polynomial of degree n —1. By assumption 2 and Lemma 28b
we have

F(x) = o(e*®) (x— + ).
On the other hand

1 t t
@) = fo (x — f)sdt fo O(D)f(w)du.

Hence by assumption 3

F'(x) 2 O(e*) (x— + ).
Applying Theorem 31a to F(x) we see that

F'(x) = o(e*?) (x— 4+ ).
But

F'(x) = gaf (%) + o(e*?) (x—+ =),

and so, since ¢, 70, we have
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(%) = o(e=) (x> + ),
as desired.

THEOREM 31c. Let Q(D) be a linear differential operator of degree n with
constant coefficients

Q(D) = QnD" + q»—lD”_l + -4 9o (Qn # 0)-
If
flx) €Cr (— » < x £0),
2, f(x) = o(e*?), a <0, (x> — =),
0

3, f 0D)f()dt = 0(e=) (1> — w)

then
B (x) = o(e*) x> —w; k=12 ,n—2).

32. Determining function in L,, p>1. Let L, denote, as is usual, the class
of functions ¢(¢) such that

fwl é(t)| ?dt < .

Further let ¢ be the conjugate index of p defined by the equation

1 1
— 4 — =

q b4
We shall require the following well known result, see [17, p. 33].

THEOREM 1. Let the functions ¢p.(t) EL,, n=1,2, - - - . If there exists a con-
stant M such that

f |¢°n(t)|pdt<M n=12-.-)

-0

then there exists a subsequence of the n's, ny, na, ns, - - -, and a function ¢(t) S L,
such that for every function ¢ (t) €L, we have

tim [ v0an0i = [ v0s0

100 —c0

Using this we may prove the following representation theorem.

THEOREM 32. Let ar<c<az if G(t)Eclass 1 and let ¢ <o if G(t) Eclass 11
or I11. Necessary and sufficient conditions that
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1@ = “G(x — ep(t)at,

where ¢(t) EL,, p>1, are

A f(®) EC* (— » < 2 < ®),
B. f°° I e'-czP,.(D)f(x) |de =M (n =0,12-.-. )’

where M is a constant independent of n.

The necessity of condition A is obvious. The equation
# © #
e 2P, (D)f(x) = Gn(x — t)ec=0¢(t)dt,
together with Hélder’s inequality, implies that

| e=e=Ph(D)f() |?

< [ f _:e—m—»ci(x L IE0) [Pdt] [ f_:e-m—oc,,(x - t)dt] m.

Since a1 <c<ag if G(t)Eclass I, and ¢ <a if G(£) Eclass II or 111, we have
in both cases

) ) c -1
f e‘c("'”Gf.(x — tf)dt = [ H(l - —) e°/“’°:| .
—c0 n+l ak

Therefore there exists a constant 4 such that

f e-0Gh(x — )it < 4 (n=0,1,2--)

—00

Thus

f "| e PAD) () [7d < 4vte f Cax f "eee0Gh(a = )] ) |2at.

Since the integrand of this iterated integral is non-negative we may invert the
order of the integrations to obtain

f " | P (D) f(x) |Pdx < Aoio f ") |7at f " gm0 (5 — fdx

—00

s4r [ o sar

-0
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We have thus demonstrated the necessity of condition B.
We turn now to the sufficiency of our conditions. By Hélder’s inequality

T 4 z # 1/p z 1/q
[ P s | [T eroras| | [ o],
0 0 0
from which it follows that
() [ Aoy =oe=+1n  Gozein=o01.0).
0

Let F(x)=[§ f(¢)dt. Setting n =0 in equation (1) and recalling the inequalities
satisfied by ¢, we obtain

F(x) = o(e**) (x— + =)
= ofea?) (2~ )
if G(t)Eclass I, and
F(x) = o(e**?) (x— + =)
= o(¢’?) (x— — )

where 8 <min (¢, 0) if G(#) Eclass II or class III. For general # equation (1)
implies that

[ Poroi = o) (> + =)
= 0(ev) (2 — =)
if G(#) class 1, and
fo " PLD)DF ()t = 0(e) (x— 4 )
= 0(e") (x> — @)

if G(t) Eclass II or class III. Applying Theorems 31b and 31c to F(x) we ob-
tain
f®(x) = o(e®) (x> + ©;72=0,1,--)
= o(eu1?) (x> — 0;n=0,1,---)
if G(t) Eclass 1, and
FO@) = o) (wod win=0,1,---)
= o(e?) (g—= — 0;8=0,1,---)

if G(¢)Eclass II or class III.
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By Theorem 29c with m =,

PO = 1im [ Gz — )P D)0y,

n—w —
or
# . gt #
P, (D)f(x) = lim G, (x — t)ect[e=ctP,(D)f(t)]ds.
n—o —o0
By condition B and Theorem I there exists a set of indices #,, #n, 3, - - - and

a function ¢(f) €L, such that for every Y(¢£) EL,

m [y [eePh D)) it = [ " e,

{— o0 —c0

By Theorem 9b Gfl(x—t)e“ is for each fixed value of x, €L,, therefore,

Py =tim [ Ghx = deetleerPh(D)f(0) at,

-

FLo)f@) = [ = deei

By Lemma 30 we have

F@) = giegan -+ o gue f G (x = Deta(t)at.

Since ¢ €L, this iterated integral is absolutely convergent and may be in-
verted to give

1= "Gz — e,

as desired.

33. Determining function bounded. Let L., denote, as is customary, the
class of functions ¢(¢) essentially bounded for (— «» < ¢ < ). We need the
following result. See [17, p. 33].

TueoreM I1. Let the functions ¢po(t) ELo, n=1, 2, - - - . If there exists a
constant M such that
essential sup |<;bn(t)| =M n=12-.-.),
—n L I< o
then there exists a subsequence of the n's, ny, ns, - + -, and a function ¢p(t)EL,

such that for every function Y(t) EL we have




82 I. I. HIRSCHMAN AND D. V. WIDDER [September

lim "W bnit [ “ye)i.

Using this we may prove the following theorem.

THEOREM 33. Let ay <c<az if G(t)Eclass 1, and let c<as if G(t) Eclass 11
or 111. Necessary and sufficient conditions that

@ - _”G(x — Dep(i)dr,

where ¢(t) EL., are

A. fx) €C° (= » <z < ),
B. sup | e =P, (D)f(x)| = M n=0,1,2--+),
—o00 Lr o

where M is a constant independent of n.

The necessity of condition A is obvious. For condition B assume that
| ()| <N almost everywhere. From the equation

=P (D)(x) = f Gz — Hee—vp()ds,
we may then deduce

| P (D)f(x) | = N f G = Hee-nap

© c -1
§N[H(1——)e°/“k] <M
ntl ag

for some number M. This completes the proof of the necessity.
To establish the sufficiency of our conditions, we proceed just as in §32.
By condition B

| PAD)f(x) | S Mees (h=0,1,2--")

Using Theorem 31b and 31c, we see that if G(¢) &class I then
() = o(e) (20 + )
= o(e"1®) (x> — x),

and if G(¢t) Eclass II or III then
f(x)

o(ex2®) (x> 4 =)
= o(ef?) (x— — =),
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where § <min (¢, 0). By Theorem 29c
PLD)f) = lim [ 6w = 9 PUDIO,
which we may rewrite as

Py = tim [ Gz — nest[eetP (D)0 Jat.

n—o —c0

By condition B and Theorem II there exists a set of indices 74, 73, + - - and a
function ¢(t) €L, such that for every ¢y ({) EL

lim "9 [P (D) f(0)r] = [ o

—00

For each fixed value of x, Gfl(x——t)e‘,‘EL; therefore

Py = tim [ Ghix = destletPh D)) it

- f Gh(x — Decto()dt, (— o << o

'

By Lemma 30 we have
f(®) = gixgex =+ - wgu» f G’:,(x — tectop(b)dt.

Since ¢(¢) €L, this iterated integral is absolutely convergent and the order
of the integrations may be inverted to yield as desired,

fx) = f "G — fecta(t)dt.

34. Determining function of bounded total variation. We require the fol-
lowing result, see [17, p. 26].

TuaeorReM III. If ai(f), as(t), - - - are a set of functions uniformly bounded
and of uniformly bounded variation in every finite interval, then there exists a
set of indices mi, ne, - - - and a function «(t) of bounded variation in every
finite interval such that

lim e, () = a(f) (— 0 <t < »).

If ¢(t) is any continuous function then

b b
lim f $()dan(t) = f $()das).
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If the ay(t) are of uniformly bounded total variation in (— o <t< x), then a(t)
is of bounded total variation there. In this case if ¢(t) is a continuous function
such that ¢p(+ ©) =0 then

lim [ 6(0)dan(t) = [ " s()das).

i— o0 —00

THEOREM 34. Let oy <c<as if G(t) Eclass 1 and let c <o if G(t)Eclass 11
or 111. Necessary and sufficient conditions that f(x) = [2 .G (x —t)e**da(t) where
a(t) s of bounded total variation in (— o <t< x) are

A. J(®) EC? (= < & < ),
B. [Ceelno@lasu =010

The necessity of condition A is obvious. From the equation
=P (D)f(x) = f "G — Deedall)
we may deduce the inequality
| =P 5 [ 6w = nereoav
where V(f) = Var_g<uz: [a(u)]. It follows that
f P D)f(x) | dx < f " i f "6 — Dec0av (s,

Since the integrand is non-negative the order of the integrations may be in-
verted to give

f | e PAD) (%) | dw < V(o) f "6t (5 — fec0dx

o6
n41 Qg

and from this inequality the necessity of condition B is evident.
To establish the sufficiency of our conditions we proceed as before. We
have

IIA

fo . Pf.(D)f(t)dt’ < [max ect]

0Sti=x

f oz et PL(D)/(0)dt ‘

< [max e“] f_jl e‘”Pt.(D)f(t) | dt < M[es= + 1].

0Stsx
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If, as in the proof of Theorem 32, we apply Theorem 31b to the function
F(x) = [% f(t)dt we find that if G(f)Eclass I then

() = oew) (t—t w0;n=1012---)
= o0(e1?) (x> —0;n=0,12-.-.),

and if G(?) belongs to class II or class II, then
F®(x) = o(ex?) (x> + 0;2=01,2,--+)
= o(e%) (x> — 0;n=0,1,2,-..),

where § <min (0, ¢). By Theorem 29¢c with m =»; we have

PLD)f) = tim [ G(w — fecte—tP(D)f() Jat.

n—owo —

By condition B and Theorem III there exists a set of indices 71, 72, + - - and
a function a(t) of bounded total variation such that

lim ze—”P:,.(D)f(t)dt = a(x) (— o <2< ™),

i— o 0

and such that if ¥(2) is a continuous function and ¥(+ «) =0, then

t—00

tim [ w()leePh (D))t = [ " () dali).

For each value of x, G(x—t)e°t is a continuous function vanishing at + «;
hence

Pfl(D)f(x) = lim mGil(x - t)e”[e*”Pf,i(D)f(t)]dt

{—w —o0

- f thl(x — Dectdalt).

By Lemma 30 we have
f(x) = giegax -+ xgy* f Gl (% — etda(t).

Since «(t) is of bounded total variation this iterated integral converges ab-
solutely and may be inverted to give

fx) = f "Gt (x — Dectdal),

as desired.
35. The positiveness of certain differential operators. In this section we
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shall derive certain results which we shall need later.

THEOREM 35a. If.

1. G(t) &€ class 1,

2. flz) €C (—© <z < ),

3. f(x) = o(e=) (x— + )
= ofem) (£ — ),

4. P (D)f(x) = 0 (—o<ax<oo;i=12"---),

where n<na < - - - 15 any increasing sequence of integers, then

id D
e”II(1 B _) ePlof(z) 2 0 (— o <2< )
i=1 Ak,

where b’ is any real constant and the {ax, )7, are any selection from the {ar}oy.

It follows from assumption 4 that

e,

[ Poywizo (=2 0),

0

0
[ Pz o (= 5 0).

This together with assumption 3 and Theorems 31b and 31c implies that

™ (x) = o(ex?) ' (x> 4+ o;n =0, 1,..-)
= o(e?) (x> — 0;n=0,1,-..).

Choose #; so large that

H(l — ._s._) etlon; = P:;(S)/H(l — ._i...> eslay
Ay i=1 ar;

=1

where the {ay}7., are certain additional elements from the {a)}s;. Using
equations (1) and Lemma 30 we have

. D #
ePJI(1— - ePlonf(x) = gu» -+ - * g1+ Poy(D)f(x + ¥).
=1 kg

Since the functions g; are non-negative and since by assumption 4 we have

PL(D)f(x+b") 20 (— © <x < «), it follows that

ewﬁ<1 - i)_)e""‘kfﬂx) 20 (- »<x< ),

i=1 (2N

which is what we wished to prove.
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THEOREM 35b. If

1. G(t) € class 11 or 111,

2. f(z) €C= (e < # < @),

3. f(x) = o(e>*) (x> + =),
n; D

4. H(l-——)f(x)go (7. < x < ),
=1 Qk;

where ny<na < -« - is any increasing sequence of integers, then
n D
II{1-—)f@) z0 (re < & < )
i=1 ki
where the {ak‘ }?_1 are a selection from the {ak}:.,.
This is proved exactly as Theorem 35a.

36. Determining function nondecreasing (class I). Unlike the representa-
tion theorems which we have so far proved the theorems of this and the
succeeding sections require very different proofs for each type of kernel.

THEOREM 36. Let G(t) Eclass 1. Necessary and sufficient conditions that a
Sfunction f(x) defined for (— © <x < ») be representable in the form

f(x) = f_”c<x — sl

where B(1)E T are

A. f(z) €C= (— o <2< ),
B. f(x) = o(e=*) (x— + ©)

= o0(e1) (x> — ),
C. P,(D)f(x) 2 0 (—m0o <2< oo;n=012---).

The necessity of condition A is evident and that of condition B follows
from Theorem 28a. The equation

PO)f(@) = [ Gute = has0)

and the fact that 8(#) € T implies that
P,(D)f(x) 2 0 (—o<x<o0;n=01-..),

so that condition C is also necessary.
In order to prove the sufficiency of our conditions we note that in view of
Theorem 35a we may assume that
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o A= [(-De T
O (G o R (o

We define
ORI A0 (n=01,2--").
0
Clearly B.(w) € T for every n. If we set
1 [ Ga®)
— = min [mm y tbetween 0 and « |,
| —w<u<o | 3 Gf,,(u)

it is easily verified that from the shape of the curve Gfl(t), see §10, that
1 # TN
- = G'l(O)[ max Gy, (/) ’
A —0<t<®

and hence 154 < «.
By elementary estimations

fo "P*,:(D)f(t)dt,

f—:Gfl(-—t)Ptc(D)f(t)dt > [ min th(—t)]

tl0,u]

= IGH(—M)

[ oo
0
which implies that
# e ¥ #
|8uw) | < 46 (=] [ el (—pPuD)war
By Theorem 29b if k=, we have
< ¥ # * ¥ #
f 6 (—)PLD)fydr = f Gh(— )P (D)f(t)dt.
Conditions B and C together with Theorems 31b and 31c imply that there

exists a constant E such that OéPfl(D)f(t) <E[ewt4ent] (— o <t< o).
Hence

E

® E
f_wGi(—I)Pil(D)f(t)dt < f[(1 - 2) - + fI(l _2>em ,

k+1 a;

k+1 a;
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and consequently there exists a constant F such that
© 4 #
\f Gi(—8)P,(D)f(H)dt| = F (k=wyva+1,--).
It follows that

@®) |Buw) | < AFGh(—)]  (B=wam+1,---).

Since Bx(t) € T for every k, inequality (3) implies that the functions Bx(%)
are uniformly bounded and of uniformly bounded variation in every finite
interval. We may therefore, by Theorem III, select a subsequence {84, (x)}
which converges to a function B(#) of bounded variation in every finite
interval. Evidently 8(x)E 1 and |B(u)| SAF [Gfl(—u)]“l. By Theorem 29c
with m =»; we have

P = tim [ 6z — nEl D0

(4) .
= lim [ Gh(x— 0dBu().

By Theorem 9b we have, recalling equations (1) and (2),

[Gr(—H] = et (b= + )
= O(ealt) (t_) - OO),

# a 4
Gy(x — 1), EG,,(x — 1) = O(e(ezte)t) t— 4+ »)
=0y o= @),

where € is some positive number and x is fixed. These equations together
with inequality (3) enable us to integrate equation (4) by parts to obtain

®© d
PLD)f(z) = lim — [ Bu(0) [E ¢ (o — ;)] .

i— o —e0

These same results enable us to apply Lebesgue’s general limit theorem to
conclude that

# ® a ¥
PL)f(z) = — f_w 8() — [Gh(x = 1)at.

Integrating by parts again we have

PLo)f) = [ "6 (x — 1aB).
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By conclusion A of Lemma 30
J@) = guegee - wgue [ Goa = DB,

Since () € T and since the functions g; and G,, are non-negative, this iterated
integral is absolutely convergent, and the order of integrations may be in-
verted to give

16y = [ "6z — 1dB0).

37. Determining function nondecreasing (class II). Let G*(f)Eclass II.
We define, see §20,

1) Xonld) = — log Gha(0) (— o <t < ),
By convention (d/dt)* x5.(t) (=0, 1, 2) is to be +  whenever G,’f,,,,(t)=0.

TuEOREM IV. If x,f,,,,(t) is defined as in equation (1) then, for n—m =4,

(i)”x* )20 (= o <t<w)
a) "= '

This result is stated by Schoenberg [13]; see also Pélya and Szegs [12,
vol. I1, pp. 52-53]. Using this we may prove the following theorems.

THEOREM 37a. If

1. GtEdass 11,

2. xEA(t) is defined as in (1),

3. L(t) is defined as in §20,
then given €>0, m being fixed, there exists a constant T independent of n such
that for n—m =4

d noo_
= an,n(t) = L(t —e+ 2 akl) ¢tz 7.
1
The proof of this theorem follows the ideas introduced in §20. We define
i 100 est
) Honn(8) = — ds.
211 d i < K )
II1(1- et/ (aktr)
mt1 ar + r

We may show exactly as in Lemma 20c that

n r -1 n r
(3) e"‘—'xt.,n(t) = [ H(l + ——) e_"/‘"‘:l Ht,.,n,, <t - Z ————).
m+1 ag mt+1 ak(ak + f)
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Let {m,».r be the one change of sign of dHﬁ,,,’,(t) /dt. It is not necessary to show,
although it is true, that {m,n., is a continuous function of ». If we differentiate
equation (3) once with respect to ¢ and set

i r
t = Z — + g‘m,n.r,

mrt ax(ar + 1)

we obtain
d 4 +
{f - Ex»;m(t)}e”—x’"'”“) = 0’

or

a\ # id r
4 - m,n —_— mn,r | = ..2..0-
@ (dt)x' (Eak(ak+r)+§") § 20
Let

g.r = 82 (ak+ f)—2°

m+1

Then by Theorem 13b, Ig‘,,.,n,,] =¢r. Further let

v )

If we set r=L(¢t+ 27 1/ax), that is, ¢ r/aw(ax+7r)— 2> v 1/ar=t, then
using equation (4) and Theorem IV we have

d hd o1
(—) x::,»( Z ‘_r' - Z - + Nr + g‘r)
1 ak

dt r(ar+ 1) 1
d id r
g _'an.n< Z —_— + g-m,n,r)’

mi1 Gx(ar + 1)

or

d m
(:17) xtn.n(t + % + ) 2 L(H' > 1/“!«).
1

Since r(t) approaches infinity with ¢ and since 7,=0(1), {,=0(1) as r— o, we
have, using Theorem IV again, the desired result.

By repeating the procedure used to establish Theorem 20h we could avoid
appealing to Schoenberg’s work, at, however, the expense of considerable
added complication in detail.

We shall need the following result, which is not substantially different from
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Theorem III.

THEOREM V. If the functions B.(u) (n=1, 2, - :) are of uniformly
bounded variation for a Su =<b, if
n—w

and if the functions ¢.(u) (n=1, 2, - - - ) are continuous and converging uni-

formly on the closed interval a Su =b to the limit function ¢(u), then

b b
im [ ¢u(u)dBa(n) = f () dB(w).

n—r a

THEOREM 37b. Let G(¢) Eclass I1. Necessary and sufficient conditions that
a function f(x) defined for (y.<x < =) be representable in the form

16) = [ 6= nasy
with BE)E T are

A. flx) €C= (e < # < =),

B. f(@) = o(e=?) (x— + =),

C. ﬁ(l—g)f(x)gO (Ye<ax< 0;n=0,12,--+).
1 ak

The necessity of conditions A and B is evident; that of condition C fol-
lows from the equation

1j1<1 _ %)f(x) - f_:Gi<x + ; ;1; - t)dﬂ(t) (x> 72).

In order to establish the sufficiency of our conditions we note that
from assumptions A and B and Theorem 31b it follows that
(5) ™ (x) = o(ex2?) (x> 4+ 0o;n=01,2,---).

Let us set
Balu) = f PhDyf(as (n=012--).
0
The function B,(x) is defined for u>v.— 2% 1/as. Using equation (5) and

making succesive integrations by parts we may show just as in the proof of
Theorem 29b that

(6) P = [ "6t ale = 1dBD) (x Sy -3 1/a,:),
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) Fosa = [ "6 — 080 (x > ye — 2 1/ak).

Let 5 be an arbitrary positive number and set N=v,— Q_i! 1/ax+7n. We
define

1

— = inf min [min Gil,,,(t) /Gil,n()\ — u), t between A and N\ — u] .
n>y); —wo<ulwo t

It is easily verified from the shape of the curve G, .(t), see §10, that

min {min Gi,,,(t) /Gt,,,,(x — u), ¢t between X and A — u}
t

—o <UL D

# # -

= max  Gy,,a(8) /Gy, n(N)
=0l t< o

From this and the fact that the functions G,’,’b,,(t) are converging as #—®© to

the function Gfl(t) it is evident that 1 £4 < ». By elementary estimations

we obtain just as in §36

f_:cf,.no — 048,00 2 — Chalh = 9 [ "oy,
that is,
8.0 | = AGhah = 0] [ 6hatn = DPUDY O

or using equation (6)

1%

®) | 8w = [APL DN ][Chnh — w)] (u Yo — ia;‘+n).

In exactly the same way we can prove that

1%

© 18| s WO -9 (v2 v - Ta'+a),
1
where N\’ =v,— > _i?a;'+nand 4’ is defined just as 4, but with v, instead of »;.
From equation (8), the convergence of the functions G, .(f) as n—x,
and the fact that the B,.(x) are nondecreasing we see that for » sufficiently
large the functions B,(#) will be bounded and of uniformly bounded total
variation in any given finite interval. Therefore by Theorem III there
is a subsequence #i, 7, - - - and a function B(#) of bounded variation in
every finite interval such that lim;., Bn,() =B(x) (— © <t< »). Since 3(u)
is the limit of functions which are nondecreasing it is itself nondecreasing.
We wish to show that for fixed x>y, +4n— > 2 a;!
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o

tim [ Ghunte = 0380 = [ 6t = 080,

i —c0

We first assert that given §>0 we can find T; and T3 so large that

f Ghodb() S8 (T2 Tyi=12--)
T

-7
[ clumss Tzrii=12,-0).
In order to avoid integrations by parts in estimating integrals of the form
[ staaty
T
we shall use the following inequality. Let 4,(f) be not less than the variation

of a(u) for (t—n=<u=t+n) and let ,(f) be not less than max |¢(u)| for
(t—n=u=i+n). We have

(10) [ T°°¢<t)da<t)

1 ©
s f 8,() A, (8)dt.

This may be proved by writing

[To0iatr = S [ ot2att

n=0 I,

where I, is the interval (T+n9<t<T+(n+1)5). Now
=< [max I () I] [Var a(t)] .
€1, €1,
It is clear that

max | ¢(f)| < min &,(s), Var a(f) < min 4,(2).
€1, €1, tE1, €1,

f (D)dec(t)
In

Hence

l f .. é()da() | = % f N ®,(H)4,(t)dt.

Summing from # =0 to # = x we obtain the desired inequality.
We have

400 est

F 1
Gyl,n(t) = ds.

27i —io0 I”I<1—-—s—>e‘/“k

i+l

ar
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Proceeding just as in §9 we may show that

G'-l,n(t) = azl: fI (1 - ﬂ) eaz/ak] oy

ri+1,aksag ag
1 agtetin et
+ . . dS,
211 apteie 11 (1 - i) otlak
»+1 /27

where € is a positive number such that a;+e<mingsa, ai. It follows easily
that there is a constant C; such that

Cha®) SCiet (0SSO, m=m+1m+2- )
Consequently we see from equation (8) that there is a constant C, such that
(11) | Ba() | < Coeo2v wZ0,n=n+1,n+2---).

A similar argument will show that there is a constant C; such that

(12) Gtz,,.(t) < Cyelertor t=Z20;n=wyva+1,--).
From equations (8), (11), and (12) we have

[ Var m.-(u):l = Coe2rtt)(y = 0)

t—nSusttn

[ max Grg,n.'(x -— u)] é Cl,e(a2+€)(1’+ﬂ‘t) (t g X + 17).
t—-n13usttn

By inequality (10)
fTthzms(x —_ t)dﬁ,,‘.(t) < Cl'Cze(“""‘)(”""’)n"lf meazt—agt—ttdt.
T
It follows that we may choose T3 so large that if 7= T then
f:th,n,-(x — 8)dB.;(t) =8 (i=1,2--+).
Similarly from equation (9) we see that there is a constant C; such that

-7 P
sz,ni(x - t)dﬁn'(f)

-0

-T
#
< Cort f exp [hmiN 1= 1) = xhmi(x — m — B)]d.

Using the mean value theorem we then have
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T 4
f Gl — 2)dBai(t)

= Csn“f exp { — (& — N = 2)xmpmiN + 71— ¢ +6(x — X — 20)]}at,
where 0 <0 <1 and @ is a function of ¢£. By Theorem IV
-T # _ -7 #r ,
Ghymi(x — dBui(l) < Cant f exp [—mxtnmN + 1 — §)]d.

From Theorem 37a and from the fact that lim;., L(f)/t= © we see that we
may choose T, so large that T=T, implies [ :ﬂG,’;'z,”‘.(x—t)dﬂ,‘i(t) <é
(6=1,2, ). .
For any T and fixed x, we have by Theorem V that
T

lim Gtzmi(x - t)dﬂn.'(t) = fT Gtz(x - t)dﬁ(t)'
-T

i—w T

Hence if TZmax (T}, T:) and x>v.+4n— D ¢ a; ),

lim sup

i—w

[ Ghanitn = a8u0= [ 6l = naptn| = 2
Since ¢ is arbitrary it follows that
L0 = [ Guta = 080 (s> 7+ 0 -Eab).
By conclusion B of Lemma 30 |
f(@) = gragax -+ xguy» wafz(x — 1)ap(?) (x> v+ 4n).

Since the gi’s and G,’f‘2 are non-negative and since 8(f) & T the order of the
integrations may be inverted to give

(13) flx) = f "Gt (s — 1a80) (2 > ve + 4n).

Finally since % is arbitrary, equation (13) holds for (x>v.).
38. Determining function nondecreasing (class III).

TuEOREM 38. Let G(t) Eclass 111. Necessary and sufficient conditions that a
function f(x) defined for (T4+b+ D v ag' <x < ) be representable in the form

e = | "G — 1)ds()
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with 3(t) defined and nondecreasing for t>T are

A flx) €C= | (T+b+z°::£;<x<oo),
B. f(x) = o(e=?) (x— + =),
C. H<1——) flx) = (T+b+§jfaih<x<oo;n=0,1,z,~-).

The proof of this theorem is so similar to the proof of Theorem 36 that it
need not be given. The difficulties that arose for class II kernels disappear
here because of the trivial behavior of G(¢) for large positive ¢.
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