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The familiar theorem of S. Bernstein [17, p. 161 ](2) for the representation

of a completely monotonie function as a Laplace transform may be considered

as providing the theme for the present paper. According to that result a

function f(x) has the representation

(1) /(*) =  f
J o

e~xtdß(t), y < x < »,

o

where ß(t) is nondecreasing, if and only if f(x) is completely monotonie,

(2) (-1)*/(W(*) è Qj k = 0, 1, 2, ••-,

on the interval y<x< °o. It is natural to inquire whether conditions like (2),

but with the &th derivative replaced by a more general differential operator,

can be associated with a representation like (1), but with the Laplace trans-

form replaced by a more general integral transform. The operator and trans-

form considered in this connection are those studied by the authors in a previ-

ous paper(3). The notations and results of that paper are here assumed.

However, let us state at once, without reference to any previous results, the

analogon of Bernstein's theorem referred to above.

Let  ax,  a2, • • • be  any  positive  constants  such   that   E "-11 /g* < °° •

?JL, l/ak= oo. Define the function G(t) by the equation

1    cix estds
G(t) =- -

ñ-1-fYi  \ aj

s/afc

That is, the bilateral Laplace transform of G(t) is the reciprocal of the entire

function

F(s) = nil -—V/o*.
i   \        aj
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(s) The inversion of a general class of convolution transforms, Trans. Amer. Math. Soc.

vol. 66 (1949) pp. 135-201. The numbering of sections in the present paper is consecutive with

the previous one.
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We prove that/(x) has the integral representation

(3) f(x) =  f   G(x - t)dß(t), y < x < °o,
J —00

where ß(t) is nondecreasing, if and only if

f(x) = o(eax), *->+ oo,

/(*) ̂  o,

(4)

(l - — Vl - -)■ ■ ■ (l - ~)f(x) > 0, k = 1, 2, 3, • • • ,
\ ax/ \        02/ \        ak/

on the interval y <x < «o. Here a is the smallest of the constants ak. This

result reduces, after an exponential change of variable, to Bernstein's

theorem when ak = k.

We also consider the case in which no restrictions as to sign are placed on

the constants ak, thus generalizing representations by means of the Stieltjes

transform [17, p. 365],

/(*)-   f
J o

dß(t)

x+ t

associated with the conditions

(-l)k-1[xkf(x)Y2k-^ à 0, k=l,2,---.

Moreover, necessary and sufficient conditions are obtained for representa-

tions (3) in which a(t) is allowed to be in various other classes (of bounded

variation, the integral of a function in Lp, and so on). These conditions are in

terms of the linear differential operator (4).

28. The behaviour at infinity of convolution transforms. It is a familiar

result that if the Stieltjes transform

da(t)

o+   x + t

converges, then

/(*)-  f
J OH

f(x)~o(x~1) (*->0+),

= o(l) (x—* + <»).

Similarly if the Laplace transform

f(x) =  J     e-xtda(t)
J 0+

converges for some values of x, and therefore for all sufficiently large x, then
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f(x) = o(l) (* _»+«).

These results are special cases of a general theorem which we shall establish in

this section.

Theorem 28a. If the transform

f(x) =  f   G(x- t)da(t)
J —oo

converges for some value of x, and if ax and a2 are defined as in §9, then

A. G(t)(E.class I implies

f(x) = o(eaiX) (x—>+eo)

= o(ea>x) (*-*■- » ),

B. G(t)Qclass 11 or class III implies

f(x) = o(e"iX) (x-*+oo).

We shall prove only the first part of conclusion A. The rest follows in a

similar manner. Let us recall the asymptotic expansions of Theorem 9b for

G(t) and G'(t) as t-*± oo. We have:

\~dïiG{i) = (dd^P{t)ea1^ + 0(eCai~e)i) ('-»+•)

= (—) [q(t)e""] + 0(e«"+«") (t-> - oo),

for r = 0,1, where p(t) and q(t) are polynomials of degree p-i and p2 respectively

and € is some positive constant. As in Definition 9a, jtii+l is the multiplicity

of ax as a zero of E(s), and so on. Choose xo, — «> <x0< °o, and set

A(t) =  I    G(xo — u)da(u).

We have

r°° G(x-t)

J _w G(x0 — t)

= Ï- A(t)G(x - t)/G(xo -tU    + f  A(t) [G(x - t)/G(x0 - t)]'dt.

Using equations (1) we obtain

- A(t)G(x - t)/G(x0 - t)\     = A(- oo)e<*i<*-zo) = 0(e^x)        (x -^ + oo).
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Let

f   A(t)[G(x - t)/G(x0 - t)]'dt = Ix + h

corresponding to the ranges of integration (— oo, T) and (F,  oo). We have

Ix | ¡a    sup    | A(t) |f     — [G(x - t)/G(x0 - t)]

I i g    sup    \A(t)\  f     — [G(x - t)/G(x0 - t)]
rsi<« J t   \ dt

dt,

dt.

If x^xo then [G(x — t)/G(x0 — t)]' is non-negative for — oo </< oo, see [13].

Hence

, : G(x - t)       e°i
Ix\ ^    sup     \A(t)

( G(x — t)       e"ix \

\g(x0 - t)       e"ix<>)-°°<t£T (G(x0 - t)       eaiz

= O (xwe"!1) (*—> + oo ).

Finally

I i | g    sup     | A (t)
emx       G(x — t)

)rs!<«. (. ea"<>     G(x0 — t)

^    sup     | A (t) | e~a2X<>ea2X.

rs «oo

Now suprg«oo |^4(0| can be made arbitrarily small by choosing T large.

Our theorem follows.

29. A general representation theorem.

Definition 29a. Let vx be the smallest value of n for which the multiplicity

of ax as a zero of En(s) does not exceed one, and the multiplicity of ai does

not exceed one. Let Vi be the smallest value of n for which neither ax nor a2 are

zeros of E(s).

Let G(t) be a kernel corresponding to the constants b, \ak\x, and let

\Pn(D) }x be an inversion operator for G(t) corresponding to {bk}x- We may

associate with G(t) a "normalized" kernel Gf(t) corresponding to 0, {ö&}r and

a "normalized" inversion operator {PÍ(D)]x for which bk = 0, k = l, 2, ■ ■ ■ .

The reader will easily convince himself that in the succeeding theorems it is

sufficient to consider in the proofs only "normalized" kernels and inversion

operators. The theorems will be stated in general but will be proved only for

this special case, which however implies, by the simplest transformations, the

validity of the theorems in question for the general case. The advantage of

this procedure lies in the considerable simplification of the notation.
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Theorem 29b. Letf(x)^Ca> (-«> <*<»). If

la. G*(t) G class I,

2a. f"<n>(x) = o(ea2X) (x-> + «,; » m 0, 1, 2, • • • )

= ö(eaix) (x —> — oo ; w = 0, 1, 2, • • • )

or i/

lb. G#(í) G cZasj II,

2b. r"(")(x) = o(e"^) (*-* + *>! » - 0, 1, 2, • • • )

= o(é*) (x -> - oo ; n = 0, 1, 2, • • • )

/or some 0 <0, or if

le. G>?(/) G class III,

2c. /<n,(x) = o(eaiX) (x-++ oo ; m = 0, 1, 2, • • • )

í/zew/or m^vx, n2:i>2, a«¿ ( — °o <x< 00)

(1) fCCGÍ(x-t)P*n(D)f(t)dt=  f   G*n(x - t)P*m(D)f(t)dt.
J  —00 J  —00

We shall prove this theorem under assumptions la and 2a. The other

cases are, if anything, simpler.

We assert that if one of the integrals of equation (1) exists then [the

other integral exists and they are equal. The reader may easily verify the

identities

(1 - D/a) eDla<b(t) = - (I/o) eD'ae'"De-at4>(t),

(2) U(x - t)eD»V(i)\     = U(t)e-D'«<t>(x - t)\    ,

<j>(x - t)eDlaxP(t)dt =   I     xP(t)e~Dia<t>(x - t )dt.
-00 J —00

If we set

I =    f     g!(x - t)P*n(D)f(t)dt,
J —00

we find on integrating by parts and using equations (2) that

/ = T j-e-D!a-ea-tdm(x - t)\ {e-a"'pLx(D)f(t)U

+ j      K1 + 7) e-DlanG*m(x -   t)\ P*n_x(D)f(t)dt.
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Using assumption 2a and the asymptotic estimates of Theorem 9b for Gm(t)

we see that the integrated term vanishes and

/ - j    ¡(l + —J <rD'-(fm(x - t)\ Pn-x(D)f(t)dt.

Repeating this process n — m times we find that

J-  f   \fl(í + —)e~I"atGÍ(x-t)\ptm(D)f(t)dt
J -oo \ m+x \ ak/ )

=  f   G*n(x - t)P*m(D)f(t)dt.
J —00

Our proof will now be complete if we can show that for n^v2 one of the

integrals of equation (1) is convergent. By Theorem 9b for »JE?» we have

d(t) - o(«(«-«>o (*->+«),
= o(e<«2+«><) (t^ - oo ),

for some positive constant e. Using assumption 2a we see that for n~^v2 the

integral

fKGÍ(x-t)PÍ(D)f(t)dt,
J -oo

is absolutely convergent.

Theorem 29c. Under the hypotheses of Theorem 29b we have

lim   f Vro(x - t)p[(D)f(t)dt = P*m(D)f(x).

For »^c¡ we have by Theorem 29b that

f   GÍ(x - t)P*n(D)f(t)dt = f   g!(x - t)PÍ(D)f(t)dt

By Theorem 19b we see that

= n (i - — V/o* C°gUx - t)p'
*2+i \        ak/ J —„o

' (D)f(t)dt.

lim    ft (l-) eDlak f '¿ti* - t)PÍ(D)f(t)dt = PÍ(D)f(x),
n_>M      »2+1  V akl J —oo

from which our theorem follows.

30. An auxiliary lemma. The following elementary result is to be used in

conjunction with the theorems of the preceding section.
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Lemma 30. //

la.       G*(t) G class I,

2a.        f(x) EC" (- « < x < oo),

3a.    /<*>(*) = o(e"i*) (*-♦ + oo ; k = 0, 1, • • • , n - 1)

= o(e"*x) (x —» — oo ; * = 0, 1, • • • , » — 1),

A. /(*)   =   gl*¿?2*    •  •   •   * gn* Pn(D)f(X) (-   OO    <   X  <   »).

lb. G'(/) G das* II or III,

2b. f(x) GCn(yc<x< co),

3b. /(*) = o(ea2X) (x—>+ oo ; k = 0, 1, ■ ■ ■ ,n — 1)

then

B. f(x) = gx*gi*  • • ■ * gn* Pn(D)f(x) (ye < X < oo).

Suppose that assumptions la, 2a, and 3a are satisfied. Integrating the

linear differential equation

(1) ^1  - -^ é»#-»j Pn-t(D)f(x)   =   P#„(Ö)/(X),

we see that

(2) Pn-x(D)f(x) = - On*-** I e-°»>Pn(D)f(t)dt + £«--»,
J 0

where E is a constant which we must determine from assumption 3a. There

are two possibilities, an^a2, and an^ax. We shall consider only the first of

these, which is typical. By assumption we have

pLx(D)f(x) = o(e**") (*-►+»).

Allowing x to become positively infinite in (2) we see that if an è «2 equation

(2) can hold only if the integral

f   e-°»<P*n(D)f(t)dt
J o

converges to the value E/an- Equation (2) may therefore be rewritten as

Ptx(D)f(x)   =   gn* P*n(D)f(x).
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Repeating this argument n times we obtain conclusion A. The proof of con-

clusion B is entirely similar.

31. Some elementary Tauberian theorems. The results contained in this

section may be deduced from well known theorems by an exponential change

of variable, see [3]. Proofs are included both for the sake of completeness and

also because the demonstrations are, in this form, much simpler than those

usually given.

Theorem 31a. If

1. f(x) £C!(0Si< oo),

2. f(x) = o(eax),       a > 0 (x->+<*>),

3. f"(x) êOO») (*-*+ «),

then

f'(x) = o(eax) (x—>+ oo).

Let 6 be any real constant not equal to zero. The identity,

(i)        /'(*) = a-* [f(x + e)- f(x) ] + 0-1 f" (x + e - t)f'(t)dt,
J x+e

may be verified by integrating by parts. By assumption 3 there exists a non-

negative constant A such that/"(x) > — Aeax (0^x< oo). We may establish

by elementary estimations from equation (1) that

f'(x) ^ o(eax) + BACW (*-» + oo ; e > 0)

^ o(eax) + 8Aea<-x+<» (x -> + °o ; 8 < 0).

Since 0 may be chosen arbitrarily small these equations imply

f'(x) = o(eax) (x-* + oo ),

as desired.

Theorem 31b. Let Q(D) be a linear differential operator of degree n with

constant coefficients.

Q(D) = qnD" + qn-xD»-1 + ■ • ■ + q0, (?» 9* 0).

If

1. f(x) GC"(0 g x < oo),

2. f(x) = o(eax),        a > 0 (x~*+ oo),

3. f   Q(D)f(t)dt ̂  0(eax) (x^+°o),
J 0

then
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fw(x) = o(eax) (x -» + oo ; k = 1, 2, • • • , n - 2.).

It is sufficient to prove our theorem for k = l, because we may then deduce

it for k = 2, 3, - • ■ , n — 2. Suppose that it has been established for k = l; we

have/(x),/'(x)GC"-1 (0^x<<*>), f'(x)=o(eax) as (x^+oo), and if Q*(D)

= qnDn~l+qn-xDn~2+ ■ ■ ■ +qx then, by assumption 3,

f  Q*(D)f'(l)dt+  f   qBf(x)dx è 0(e") (x-*+ oo),
J o Jo

from which it follows that

f   Q*(D)f'(t)dt è 0(e") (*-► + oo ).
J o

Applying our theorem to f'(x) with i = l we deduce that f"(x) =o(eax) as

(x—*+«>). We may show successively that f(h)(x) =o(eax) as (*—»•+• °°) for

&=3, • • • , n — 2.
Let us now prove our theorem for k = 1. We set

FW = 7-777 f X(x - ty-lQ(D)f(t)dt.
(n — 1)\J o

Integrating by parts we may show that

F(x) = qnf(x) + E-r—:T, f  (*'- t)->-if(t)dt + Q(x),
i=0    (W —  7  —   1)! J0

where fi(x) is a polynomial of degree w — 1. By assumption 2 and Lemma 28b

we have

F(x) = o(eaI) (x—> + oo).

On the other hand

F"(*) " 7-777 f   (x - ^n~idt f 'QV>)f(u)du.
(n - 4) ! J o Jo

Hence by assumption 3

F"(x) StCK*"*) (*-*+ «)•

Applying Theorem 31a to F(x) we see that

F'(x) = o(e"*) (*-*• + oo).

But

P'(X)   =  qnf'(x) + 0(e"x) (X-T+   oo),

and so, since g* 5^0, we have
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f'(x) = o(eax) (x^> 4- oo),

as desired.

Theorem 31c. Let Q(D) be a linear differential operator of degree n with

constant coefficients

Q(D) = qnD" + qn-xD"-1 + ■■■ +qo (?„ ^ 0).

If

1. f(x) GCn(- °o < x è 0),

2. f(x) = o(eax),       a < 0, (*-»—<»),

3. f   Q(D)f(t)dt^O(eax) (*_♦_«)

then

/<*>(*) = o(eai) (x -► - oo ; £ = 1, 2, •••,»- 2).

32. Determining function in Lp, p > 1. Let Lp denote, as is usual, the class

of functions <p(t) such that

/OO

I *(01
-00

pd¿ <   oo.

Further let q be the conjugate index of p defined by the equation

1        1
— + —=1.

q        p

We shall require the following well known result, see [17, p. 33].

Theorem I. Let the functions <¡>n(t) Ç.LP, « = 1,2, ■ ■ • . If there exists a con-

stant M such that

I     | <bn(t) \Ht < M (n = 1, 2, • • • )
J —00

then there exists a subsequence of the n's,nx,n2, n3, ■ ■ ■ , and a function <¡>(t) Ç_LP

such that for every function xp(t) G¿3 we have

/OO p  «5

xP(t)4>ni(t)dt =  I    xb(t)4>(t)dt.
-00 J   —OO

Using this we may prove the following representation theorem.

Theorem 32. Let ax<c<ai if G(t)(Eclass I and let c<a2 if G(t)EiClass II

or III. Necessary and sufficient conditions that
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f(x) =  f   G(x- t)ec'<j>(t)dt,
J —00

where <p(t)Ç.Lp, p>l, are

A. f(x) EC» (- oo < x < oo),

B. j     | e--Pn(D)f(x) \Hx á M        (n = 0, 1, 2, • •• ),
J —oo

wAere M is a constant independent of n.

The necessity of condition A is obvious. The equation

xPÍ(D)f(x) =  f   GÍ(x - t)g-*t*-*>*(t)dt,
J -co

together with Holder's inequality, implies that

| e-"PÍ(D)f(x) \p

£ [" f   e-<*-'>c£(x - t) | <p(t) [pdt\     f   «-•<-'>£,(* - t)dt\ ' \

Since ax<c<a2 if G(i)Gclass I, and c<a2 if G*(i)Gclass II or III, we have

in both cases

f   e-<<*-'>G;(x - t)dt = [  n( 1 - —)«•'•*]     .
J -.o L »+i \        a*/       J

Therefore there exists a constant ^4 such that

f   í-«<-«g£(* - 0* ^ A (n = 0, 1, 2, • • • ).
J —oo

Thus

f    | e-"P[(D)f(x) \pdx ¿Apl«f   dx f   *-«<*-«<£(* - t) | <j>(t) \pdt.
J  —oo J  —00 *^  —00

Since the integrand of this iterated integral is non-negative we may invert the

order of the integrations to obtain

f    | e~cxP*n(D)f(x) \pdx ̂  A*'* f   | 4>(t) \pdt f   *-t*-»G£(* - t)dx
J —oo J —oo J —00

^ ylp I      | <t>(t) \"dt.
J  —a)
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We have thus demonstrated the necessity of condition B.

We turn now to the sufficiency of our conditions. By Holder's inequality

f   P*n(D)f(x)dx\ ̂     f    | e-"P*n(D)f(x) \pdx\        f   e°x«dx
I J 0 I        IJ 0 IJ 0

1/3

from which it follows that

(1) f   PÍ(D)f(x)dx = 0(e°x +1) (x -> ±  oo ; » = 0, 1, ■ • • ).
J o

Let F(x) =fof(t)dt. Setting « = 0 in equation (1) and recalling the inequalities

satisfied by c, we obtain

F(x) = o(e"iX) (x —» + oo

= o(eaix) (x —* — oo

if G(i)Gclass I, and

F(x) = o(ea*x) (x —> + oo

= o(e9x) (x —> — oo

where 0<min (c, 0) if G(/)Gclass II or class III. For general n equation (1

implies that

f   P*n(D)DF(t)dt = 0(e«*x) (x -^ + °o
J o

= 0(ealx) (x -> - oo

if G(t) class I, and

f   P*n(D)DF(t)dt = 0(e"*x) (x^> +
J o

= 0(eex) (x -> -

if G(i)Gclass II or class III. Applying Theorems 31b and 31c to F(x) we ob

tain

/<»>(x) = o(ea2X) (x—> + oo ; n = 0, 1, • •

= o(eaix) (x —> — oo ; « = 0, 1, • •

if G(¿)Gclass I, and

/(n)(x) = o(ea2X) (x—> + oo ; w = 0, 1, • •

= o(e9x) (x —> —  co ; « = 0, 1, • •

if G(0Gclass II or class III.
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By Theorem 29c with m=vx

P*H(D)f(x) = lim   f   G*n(x - t)P*n(D)f(t)dt,
n->°°   J -oo

or

P*ri(D)f(x) = lim   f   GÍ,(* - t)e"[er^p*n(D)f(t)]dt.
n-+»   J —M

By condition B and Theorem I there exists a set of indices fix, n2, n3, • • • and

a function <p(t) GIy such that for every xp(t) G¿3

lim   f "*(/) [e-ctP*n,(D)f(t)}dt =  f '4,(.)4>(t)dt.
i-ttl     J  _oo J —oo

By Theorem 9b GÍA\x — t)eet is for each fixed value of x, G.LP, therefore,

P*n(D)f(x) = lim   f   G!Xx-¿)*cí[e-V„,.(Z>)/(0R
*-»■ J _„

P*H(D)f(x) =  f   G*n(x - t)e'^(t)dt.
J  —oo

By Lemma 30 we have

f(x) = gi*gi* • ■ • *g*x*   I    Gn(x - t)ec'<l>(t)dt.
J —oo

Since <pÇLLp this iterated integral is absolutely convergent and may be in-

verted to give

f(x) =   f   G*(x - t)e°'<j>(t)dt,

as desired.

33. Determining function bounded. Let Zoo denote, as is customary, the

class of functions <j>(t) essentially bounded for (-co < t < oo). We need the

following result. See [17, p. 33].

Theorem II. Let the functions <pn(t)ELx, n = l, 2, • ■ ■ . If there exists a

constant M such that

essential sup | <pn(t) \ S M (n = 1, 2, • • • ),
— M < í<oo

then there exists a subsequence of the n's, nx, n2, ■ • ■ , and a function <p(t)Ç.Lx

such that for every function xp(t) (E.L we have
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lim   I     xP(t)<Pm(t)dt   I     xp(t)<p(t)dt.
t—"°     J —00 J —00

Using this we may prove the following theorem.

Theorem 33. Let ax<c<a2 if G(t)(E.class I, and let c<a2 if G(t)(Eclass II

or III. Necessary and sufficient conditions that

/oo
G(x - t)ectd>(t)dt,

where 4>(t) GZ«,, are

A. f(x) £C°° (- =o < x < oo),

B. sup     | e-cxPn(D)f(x) \-¿ M (n = O, 1, 2, • • • ),
— 00 <X<0O

where M is a constant independent of n.

The necessity of condition A is obvious. For condition B assume that

\<¡)(t)\ SN almost everywhere. From the equation

e—P*n(D)f(x) = f  GÍ(x - t)e^x-^<b(t)dt,
J —00

we may then deduce

| e-°xP*n(D)f(x) \ è N f   G*n(x - t)e-^x-lHt
J —00

= -^lllil -— )eclak\      <M
L n+i \        ak/        J

for some number M. This completes the proof of the necessity.

To establish the sufficiency of our conditions, we proceed just as in §32.

By condition B

| PÍ(D)f(x) | S Me" (n = 0,l,2,--- ).

Using Theorem 31b and 31c, we see that if G(<)Gclass I then

/<">(*) = o(e°"x) (*—» + « )

= o(ealx) (x—> — oo),

and if G(/)Gclass II or III then

/("'(x) = o(ea2X) (x—>+ oo)

= o(edx) (x—>— <x>),
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where 0<min (c, 0). By Theorem 29c

P*n(D)f(x) = lim   f   g!x(x - t)P*n(D)f(t)dt,
n—»oo J —oo

which we may rewrite as

P*n(D)f(x) = "m   f   G*n(x - t)e°'[e-"Pt(D)f(t)]dt.
re—>m   J —oo

By condition B and Theorem II there exists a set of indices «i, «2, • • • and a

function <p(t)CLLK such that for every ^(/)G¿

lim   f   *«) [e-^P*ni(D)f(t)dt] =  f   xb(t)4>(t)dt.
{-.SO     J — 03 J —go

For each fixed value of x, Gf^x — t)ect(E.L; therefore

P*tl(D)f(x) = lim   f   GÍ/x-Oe0'!«-'^^)/^)]*
j-»oo    J

-I G„,(x - t)ect<j>(t)dt, (- 00 < x < 00)

By Lemma 30 we have

/"  #
G,a(x - t)ec'<l)(t)dt.

-00

Since <p(t)ÇELx this iterated integral is absolutely convergent and the order

of the integrations may be inverted to yield as desired,

f(x) =  f   G*(x - t)e°><t>(t)dt.
J —«o

34. Determining function of bounded total variation. We require the fol-

lowing result, see [17, p. 26].

Theorem III. If ax(t), a2(t), ■ ■ ■ are a set of functions uniformly bounded

and of uniformly bounded variation in every finite interval, then there exists a

set of indices »1, n2, ■ ■ ■ and a function a(t) of bounded variation in every

finite interval such that

lim ani(t) = a(t) (— 00  < t < co).
Í-.00

If (j>(t) is any continuous function then

<p(t)dani(t) =   I     d>(t)da(t).
a Jo
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If the ak(t) are of uniformly bounded total variation in (— oo <¿ < co), then a(t)

is of bounded total variation there. In this case if <¡>(t) is a continuous function

such that (f>(± oo ) =0 then

<¡>(t)dctni(l) =   I     4>(t)da(t).
-oo J —00

Theorem 34. Let ax<c<a2 if G(l)(zLclass I and let c<a2 if G(t)(Eclass II

or III. Necessary and sufficient conditions that f(x) =Jl„G(x — f)ec'da(t) where

a(t) is of bounded total variation in (— oo <t< oo) are

A. f(x) G Cx (- »  < x < oo),

/OO

Í-« | Pn(D)f(x) \dx¿ M (n = 0, 1, • • • ).
-00

The necessity of condition A is obvious. From the equation

e-"P*n(D)f(x) =   f   G„(x - t)e-°<-x-"da(t)
J  —00

we may deduce the inequality

| e-"P{(D)f(x) | ^   f   g!(x - Oe-^'WW
J -00

where V(t) =Var_oo<ug¡ [«(m)]. It follows that

f    | e-«PÎ(D)/(x) | dx ̂  f   ¿x f   G^x-Oe-^-'WW-
J  —00 J   —OO J  —00

Since the integrand is non-negative the order of the integrations may be in-

verted to give

f    | e-"PÍ(D)f(x) ¡dx^V(oo) f   G*n(x - í)<r4<íp-"d*
J  —ro J  —00

[n(i-A
L n+i \ ak/

-i -i

áFw nu-- «c/ak

and from this inequality the necessity of condition B is evident.

To establish the sufficiency of our conditions we proceed as before. We

have

f   P*n(D)f(t)d\  ¿ [max e"\\ f   e-ctp[(D)f(t)dt
I Jo I Loëig* JUo

g [max e" 1  f      | e-ctP*n(D)f(t) \ dt ^ Jkf [e« + l].
LoSCS* JJ-oo
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If, as in the proof of Theorem 32, we apply Theorem 31b to the function

F(x) =fl f(t)dt we find that if G(t) Gclass I then

/<*>(*) = o(ea*x) (x-++ oo ; n = 0, 1, 2, ■ - • )

= o(eaix) (x—*— oo ; n = 0, 1, 2, ■ ■ • ),

and if G(t) belongs to class II or class II, then

/<»>(*) = o(ea*x) (x—► + oo ; n = 0, 1, 2, ■ • • )

= o(eex) (* -* - oo ; n = 0, 1, 2, • • • ),

where 0<min (0, c). By Theorem 29c with m=vx we have

P*n(D)f(x) = lim   f   G*n(x- 0^'[e-cíp!(Z))/(/)]á/.
re->oo   J —„o

By condition B and Theorem III there exists a set of indices «i, ni, • • • and

a function a(¿) of bounded total variation such that

lim   f   e-ctPni(D)f(t)dt = a(x) (- oo < x < oo),
Í—»oo    J o

and such that if xp(i) is a continuous function and \p(± oo) =0, then

lim   f   ^(í)[e-cíP„,.(Z>)/(í)]^=  f   xP(t)da(t).
I—»00     »/  —M ,/  —oo

For each value of x, G(x—t)ecl is a continuous function vanishing at ± oo ;

hence

P*n(D)f(x) = lim   f   <£(*- í)e"ke,-PÍi(^)/(0]*
Í-.«    J -„o

G^(x - t)ec'da(t).
-00

By Lemma 30 we have

/"   tGn(x - t)ectda(t).
-00

Since a(t) is of bounded total variation this iterated integral converges ab-

solutely and may be inverted to give

f(x) =   I    G*(x - t)ectda(t),
J —oo

as desired.

35. The positiveness of certain differential operators. In this section we
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shall derive certain results which we shall need later.

Theorem 35a. //.

1. G(t) G class I,

2. /(*) GC- (- oo  < x< oo),

3. f(x) = o(e<**x) (x-> + oo )

= o(eaiX) (x-> - oo),

4. Pm(D)f(x) ^ 0 (- oo < x < oo ; i = 1, 2, • • • ),

where nx<n2< • • -is any increasing sequence of integers, then

D
¿*DTl(l-)eDi°kif(x) ^ 0

t-i \ akt /

(—   oo    <   x  <   00)

where b ' is any real constant and the {aki} "_ x are any selection from the {ak} £. x.

It follows from assumption 4 that

f   PÍMMdt =0 (* è 0),
J o

f   Pni(D)f(t)dt ̂  0 (x g 0).
J I

This together with assumption 3 and Theorems 31b and 31c implies that

/<">(x) = o(ea>x) (x -> + oo ; n = 0, 1, • • • )

= o(ealx) (x-> - oo ; « = 0, 1, • • • ).

Choose n¡ so large that

nfi - — V/ot< = Kw/nfi - —V/ai<
i_i \        a*, / I   ,_i \        a¡i /

where the  {«¡J™ i are certain additional elements from the  {ai}î°-i- Using

equations (1) and Lemma 30 we have

e*'°fl(l-)e°'^f(x) = gh* ■ ■ ■ *glm*pUD)f(x + V).
i=x \        aki /

Since the functions gi are non-negative and since by assumption 4 we have

P*.(D)f(x+b')^0 (- oo <x< oo), it follows that

^nfl-)eD"kif(x) ^ o
<-i \        aki /

(—   oo   <  x <   oo)(

'■Iki /

which is what we wished to prove.
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Theorem 35b. //

1. G(t) G class II or HI,

2. /(at) GC<° (yc < x < oo),

3. f(x) = o(ea*x) (*-*+ °o).,

4. fifi-)f(*)i%0 (7c<x<oo),
<=i \        aki /

where nx<n2< • ■ -is any increasing sequence of integers, then

)/(*) HO (y. < x < oo)n('-->
where the {aki}"=1 are a selection from the {a*}t_i.

This is proved exactly as Theorem 35a.

36. Determining function nondecreasing (class I). Unlike the representa-

tion theorems which we have so far proved the theorems of this and the

succeeding sections require very different proofs for each type of kernel.

Theorem 36. Let G(t)Ç_class I. Necessary and sufficient conditions that a

function f(x) defined for (-co <x< oo) be representable in the form

f   G(x-
J —00

f(x) =| G(x- t)dß(t)

where /3(£)G Î are

A. /(at) EC™ (- oo < x < oo),

B. f(x) = o(ea*x) (x—>-r-oo)

= o(eaix) (x-* — oo ),

C. Pn(D)f(x) £ 0 (- oo  < * < oo ; » = 0, 1, 2, • ■ • ).

The necessity of condition A is evident and that of condition B follows

from Theorem 28a. The equation

Pn(D)f(x)   =    f     Gn(x -   t)dß(t)
J  —00

and the fact that ß(t) G Î implies that

Pn(D)f(x) ^0 (- oo < x < oo ; n = 0, 1, • • • ),

so that condition C is also necessary.

In order to prove the sufficiency of our conditions we note that in view of

Theorem 35a we may assume that
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(1) y„(D)_ [(1-9«»-]" [(i-9H"'

(2) i.:,(D) = [(1-£)e»,.,]"+'[(1_£)e»,,j"+1.

We define

ßn(u) =   C p[(D)f(t)dt (n = 0, 1, 2, ■ ■ ■ ).
J 0

Clearly ßn(u) G î  for every n. If we set

1 r        Gn(0 1
-—  =     min       min —¡->  ¿ between 0 and u   ¡
A        -»<«<» L   «    G*n(u) J

it is easily verified that from the shape of the curve Gift), see §10, that

— = g!/0)      max   G*n(t)
A !_-»<*<» J

and hence 1 ̂ A < co.

By elementary estimations

f°GU-t)P*k(D)f(t)dt ^ [ min  G^-í)"]! f"P*k(D)f(t)dt
J-oo LiG!0,a] JUo

à— G*n(-«)\ CP*k(D)f(t)dt ,
A I Jo

which implies that

I ßk(u) I S A[G*n(-u)]-i CG*n(-t)p{(D)f(t)dt.
J —00

By Theorem 29b if k^v2 we have

(?,,(-t)P\(D)f(t)dt =        Gl(-t)Pn(D)f(t)dt.
J —00 J —00

Conditions B and C together with Theorems 31b and 31c imply that there

exists a constant E such that 0^Pj(/))/(í)áE[e°"+e""] (-00 <£<<»).

Hence

rx t         t                                E                                E
J    Gk(-t)Pn(D)f(t)dt =-—-—-+^77-77-'

n ( 1 - — )&a2iai   n ( 1 - — )eaiiai
k+x\        aj) k+x\        aj/
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and consequently there exists a constant F such that

I CG*k(-t)P*ri(D)fi.W
\ J  —oo

g F    (k = vi, v2 + 1,

It follows that

(3) | ßk(u) | S AFiGU-u)}-1       (k = V2,Vi+l,--- ).

Since ßk(t) G î for every k, inequality (3) implies that the functions ßk(u)

are uniformly bounded and of uniformly bounded variation in every finite

interval. We may therefore, by Theorem III, select a subsequence {ßkl(u)\

which converges to a function ß(u) of bounded variation in every finite

interval. Evidently ß(u)G î and \ß(u)\ ^AF[G*yi(-u)Yl. By Theorem 29c

with m = v2 we have

P*„(D)f(x) = lim   f V„(* - t)p[(D)f(t)dt
(4) '       k-J~:

= lim   f   GÍ2(x - t)dßki(t).

By Theorem 9b we have, recalling equations (1) and (2),

[GÎx(-t)]~l = O(e-0 (*-+*)

= O(e"0 (i-> - oo),

GÍ2(* - 0,  — GÍ2(x - 0 = 0(e-<°2+<>¡) (<-* + oo)
dt

= 0(e-<-al-í)t) (t-^ - oo ),

where e is some positive number and x is fixed. These equations together

with inequality (3) enable us to integrate equation (4) by parts to obtain

Pl,(D)f(x) - lim - f   ßki(t) \— g!2(x - ol dt.
¿-►OO J-oo \_dt J

These same results enable us to apply Lebesgue's general limit theorem to

conclude that

P*H(D)f(x) = -  C ß(t) - [G*n(x - t)]dt.
J-oo at

Integrating by parts again we have

p*H(P)f(x)= rgí2(x - t)dß(t).
J —00
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By conclusion A of Lemma 30

f(x) = gx*g2* ■ • ■ *g»t*  j     G,t(x - t)dß(t).

Since ß(t) G î and since the functions gt- and G^ are non-negative, this iterated

integral is absolutely convergent, and the order of integrations may be in-

verted to give

f(x)=  C&(x-
J  —oo

t)dß(t).

37. Determining function nondecreasing (class II). Let G#(i)Gclass II.

We define, see §20,

(1) Xm,n(t)   =   -  \0gGÍ,n(t) (-   00   < f <   oo).

By convention (d/dt)' xt,n(t) (¿ = 0, 1, 2) is to be + w whenever Gi¡n(t)=0.

Theorem IV. //xm,n(0 is defined as in equation (1) then, for n — m^4,

(i-)'xLw È o (-  oo   < t <  oo).

This result is stated by Schoenberg [13]; see also Pólya and Szegö [12,

vol. II, pp. 52-53]. Using this we may prove the following theorems.

Theorem 37a. If

1. G*Çzdass II,

2. Xm,n(t) is defined as in (1),

3. L(t) is defined as in §20,
then given e>0, m being fixed, there exists a constant T independent of n such

that for n—m^4

d    s I m    _i\
- Xm.n(t)  = L( t - e +  E A*  J ((=!)■

The proof of this theorem follows the ideas introduced in §20. We define

1 -,<00 gSt

(2) Hm,n.r(t)=- -ds.
2iriJ-ix   "  / s     \n(i-) ««/<«+-)

m+i \        ak + r)

We may show exactly as in Lemma 20c that

(3) ert-xÍ,nit)   =   f ¿f 1 + -V'/«l       HÍ.njt   -    Ê ^ Y
Lm+A        a*/ J \       m+x ak(ak + r)/
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Let fm,n,r be the one change of sign of dHm¡n¡r(t)/dt. It is not necessary to show,

although it is true, that Çm.n,r is a continuous function of r. If we differentiate

equation (3) once with respect to t and set

we obtain

or

'  —   2-r J       7       T +  tm.n.l
m+x ak(ak + r)

{r -J xi.n(t)\ e"-*L^ = 0,

(4)

Let

(77)xt.» ( E -7-^7777 + *"».»••) = r (■' = °)-
\dt/ \m+x ak(ak + r) /

r, = 8¿(íi + f)-».
OT+l

Then by Theorem 13b, |fm,„,r| ^¿V- Further let

*-£["-rVJ'1  La*      a¡fc(a* + r)J

If we set r=L(t+2~2T I/o*), that is,   Ei" r/ak(ak+r) - JlT l/ak = t, then
using equation (4) and Theorem IV we have

\dt )     '" \   1   r(ak + r) x    ak        " /

d   f   /f, ' ,   ,      \
=     ,   Xm.rel    ¿^ + f»i,n,r I,

di \ m+x ak(ak + r) /

or

Í— )xl,n(t  +   %(«   +   frl«)   =   ¿M+   E I/«*)'

Since r(t) approaches infinity with / and since i7r = o(l), £"r = o(l) as r—>oo, we

have, using Theorem IV again, the desired result.

By repeating the procedure used to establish Theorem 20h we could avoid

appealing to Schoenberg's work, at, however, the expense of considerable

added complication in detail.

We shall need the following result, which is not substantially different from
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Theorem III.

Theorem V.  // the functions ßn(u)   (n = l,  2, ■ ■ ■ )  are of uniformly

bounded variation for a^u^b, if

lim ßn(u) = ß(u) (aSu^b),
n—*«

and if the functions 4>n{u) (n = l, 2, • - • ) are continuous and converging uni-

formly on the closed interval a^u^b to the limit function 4>(u), then

/> b s* b
<j>n(u)dßn(u) =  j    <t>(u)dß(u).

a Ja

Theorem 37b. Let G(f)£zclass II. Necessary and sufficient conditions that

a function f(x) defined for (yc<x<&>) be representable in the form

/(at) =  f   G(x - t)dß(t)
J —00

with ß(t) G î are

A. f(x) EC™ (yc < x < oo),

B. f(x) = o(ea"x) (x—r+ oo),

C fl(l-J/(x) = ° (yc < x < o=;w = 0, 1, 2,
i   \        aj

)■

The necessity of conditions A and B is evident; that of condition C fol-

lows from the equation

flfl-)f(x)   =    f     G*n(x +J2-t)dß(t) (X  >  To).
i   \        ak/ J-oo     \ x    ak       /

In  order to establish  the  sufficiency of our conditions  we  note  that

from assumptions A and B and Theorem 31b it follows that

(5) /<">(x) = o(e"'x) (x-r + oo ; n = 0, 1, 2, ■ ■ ■ ).

Let us set

ßn(u) =   f   PÍ(D)f(t)dt (n = 0, 1, 2, • • • ).
J 0

The function ßn(u) is defined for u>yc— E" l/**> Using equation (5) and

making succesive integrations by parts we may show just as in the proof of

Theorem 29b that

(6) Pfri(D)f(x) =  f   G*n.n(x - t)dßn(t) (x > yc - E 1/«A
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(7) PÍ,(D)f(x) =  f   g!2,„(x - t)dßn(t) (x > yc - E 1/«*Y

Let rj be an arbitrary positive number and set X=7C — Eï1 l/ak+t]. We

define

i r     *      * ~i
— = inf      min       minG,1,„(/)/G^1,n(X — u), t between X and X — u   .
A nyvl    — oo<u<oo   |_     ( J

It is easily verified from the shape of the curve Gn,n(t), see §10, that

min     <minGJ,1,nW/G,1,„(X — u), t between X and X — u>
— 00<M<00       (      I )

=        max    Gn,n(t)/Gvi,n(\)
L   -°o<i<oo J

From this and the fact that the functions Gflin(t) are converging as w—>» to

the function GÍ(t) it is evident that 1 ^A < ». By elementary estimations

we obtain just as in §36

Í(D)f(t)dtf   GÍlin(X - t)dßn(t) è — G!„n(X -u)\f   PÍ
J -o» A IJ o

that is,

| ßn(u) | á A [GÍlin(X - m)]"1 f   GÍllB(X - t)PÍ(D)f(t)dt,
J —oo

or using equation (6)

(8) I ft.(«) | á [4PÍ,(0)/(X) ] [GÍlin(X - «) ]-'     f«eT«-Í «i' + >î) •

In exactly the same way we can prove that

(9) | ßn(u) | ^ [4'p!2(Z))/(X') ] [GÍ2,„(X' - «) h*    Í^Y,-¿ 7,1 + ^,

where X'=7c— Ei'^'+I and 4'is defined justase, but with i>2 instead of Vt.

From equation (8), the convergence of the functions Gn,n(t) as n—->oo,

and the fact that the /3„(m) are nondecreasing we see that for n sufficiently

large the functions ßn(u) will be bounded and of uniformly bounded total

variation in any given finite interval. Therefore by Theorem III there

is a subsequence m, n2, ■ ■ ■ and a function ß(u) of bounded variation in

every finite interval such that liñudo ßni(u)=ß(u) ( — co <¿< oo). Since ß(u)

is the limit of functions which are nondecreasing it is itself nondecreasing.

We wish to show that for fixed x>yc+4r¡— 2~2? ̂
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/°° # r°° #G^.reX* - t)dßn,(t) =        G„2(x - Od|9(0.
-oo J —oo

We first assert that given ô > 0 we can find Tx and T2 so large that

f   GÍ„nMt) a 5       (7 2 Z\; < - 1, 2, • • • ).
J r

f    G^nidßnM = Ô     (7 à 7*5 * - !» 2. ' * ■ )•
J —oo

In order to avoid integrations by parts in estimating integrals of the form

f   <t>(t)dct(t)
J T

we shall use the following inequality. Let A v(t) be not less than the variation

of a(u) for (t — y^uSt+rj) and let <£,(/) be not less than max |<£(m)| for

(/-r/áí<g¡+i)). We have

(io) I r%(0<fa(0  s — f  *,('K(0*.
IJ s" 7j J r

This may be proved by writing

J, oo ™   r*
<t>(t)da(t) = E  I     <t>(t)da(t)

T n-0 J r„

where I„ is the interval (T+wrjg/g 2"+(w +1)77). Now

/<¡>(t)da(t)   g   max  I £(l) I      Var a(t)   .
in I      LtGr» J LíGr,       J

It is clear that

max I <t>(t) I   g min $,(/),
<Sr„ ¡er»

Var a(0   g min ¿4,(l).
«Gr. iti.

Hence

f *(0¿«(0 g — f *,(/M,(0<ft.
IJ r„ «J J r„

Summing from n =0 to n = 00 we obtain the desired inequality.

We have

1    /* *°°i 1   r
Gn.nd) = —

Z7TÎ J _

n(i--)
v,+x \        a,.J

ds.

.'Iak



1949] A GENERAL CLASS OF CONVOLUTION TRANSFORMS 95

Proceeding just as in §9 we may show that

G*n,n(t) = a2\     Il      (l - — )ea*lak\ *a2t

+ —-ds,
2ti J „,+£_,-«,       "   / 5 \

1 t>slakn (.--)■
»!+i \        ak/

where e is a positive number such that o!2+e<minajt>a2 ak. It follows easily

that there is a constant Ci such that

G*Vl.n(t) S Ce«'     (f¿0,n = vx+l,vx+2,---).

Consequently we see from equation (8) that there is a constant C2 such that

(11) I 0„(«) I ̂  Ce««« («£ 0, « = vx+ l.Fi+2, •••)•

A similar argument will show that there is a constant C[ such that

(12) GÎ2,„(0 g C'e<«2+<>< (íS0;»-^f,+ 1,...).

From equations (8), (11), and (12) we have

Var      j8n<(«)l á Ce«»<•+•'(« â 0)
L t—vSfêt+n J

max     C2,„,.(x - u)    = CiV«»+,><»+*-'>(i à * + ?)■
L t-vâuât+v J

By inequality (10)

f   (£,»,(* - O<*ftw(0 á C'C2e(a2+eKx+")T1 f   e«2'-«2'-"^.
J r J T

It follows that we may choose 7\ so large that if T^Tx then

f   Gfn,ni(x - t)dßni(t) Ú 5 (i - 1, 2, ••• ).
J y

Similarly from equation (9) we see that there is a constant C3 such that

/-i   1

Gy2.m(x  -  f)dßnt(l)
-00

exp [X.2.«,(X' + *? - 0 - Xv2,ni(x - 17 - 0J*.
-00

Using the mean value theorem we then have
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G„2,„/x - t)dßm(t)
-00

á C37?-1 f     exp { -(x - X' - 2ri)x%,nt[\ + v - t + 0(x - \ - 2v)]}dt,
J —00

where 0 <6 < 1 and 6 is a function of /. By Theorem IV

f     GÍ2,n¡(x - 0^(0 á Ct1 f     exp [-ijxíUft' + 'J - 01*.
J —00 J —00

From Theorem 37a and from the fact that lim^oo L(t)/t= 00 we see that we

may choose T2 so large that T¡zT2 implies /l»G4ni(x —/)dp\,,.(£) =5

(*=1, 2, •••).
For any 77 and fixed x, we have by Theorem V that

lim   f     g!2,„,.(x - fldiVO =  f     Gt(* - 0^/3(0-

Hence if T^max (77:, T2) and x>7c+4tj— Ei2 ^t-1.

< 25.lim sup I  f   GÎ2,„/x- t)dßni(t)- f   G*n(x - t)dß(t)
í->oo       I J —00 J —7"

Since 5 is arbitrary it follows that

P*4P)f(x) =  f   C2(x - t)dß(t) (x>yc + 4v-J2 oí1)-

By conclusion B of Lemma 30

/"  tG,,(x - t)dß(t) (x > yc + 4-n).
-00

Since the gks and Gf2 are non-negative and since ß(t) G Î   the order of the

integrations may be inverted to give

(13) /(*) =   f   G*(x - t)dß(t) (x>yc + 4r¡).
J —00

Finally since 77 is arbitrary, equation (13) holds for (x>7c).

38. Determining function nondecreasing (class III).

Theorem 38. Let G(t)£class III. Necessary and sufficient conditions that a

function f(x) defined for (T+b+ E" a¿1<x< 00) be representable in the form

f(x) =   f   G(x- t)dB(t)
J-00
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with ß(t) defined and nondecr easing for t>T are

A. f(x)(EC°° ÍT + b+ E — <x< coY
\ i    ak /

B. f(x) = o(ea*x) (x—>+ co),

C      nfl-— )f(x)  =  0fr+O+  E  — <  X<   co;« = 0,  1, 2, •••).
i   \        ak/ \ x    ak /

The proof of this theorem is so similar to the proof of Theorem 36 that it

need not be given. The difficulties that arose for class II kernels disappear

here because of the trivial behavior of G(t) for large positive /.
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